ABSTRACT The combined heat and power (CHP) systems can provide heat and electricity simultaneously. They are promising in the future energy landscape because of high efficiency and low emissions. This paper proposes a new operation optimization model of CHPs in deregulated energy markets. Both CHPs' overall efficiency and heat to electricity ratio are closely linked with the loading level, which are dynamically determined in this paper. A discrete optimization model is then proposed to determine the optimal realtime operation strategies for the CHPs. The optimization problem is solved by the interior point method with discrete time intervals, in which the discrete optimal operation points can be identified effectively. This step projects the potential operation strategies that could produce maximum benefits. Finally, a dynamic programming algorithm is developed to maximize the profits of CHPs through dynamically modifying the operation strategies projected in the previous step considering transient constraints. The proposed new methodology is demonstrated on a 1-MW CHP system with real-time data. 
Q
MJ The total energy a CHP produces G MJ The energy of input natural gas η % Total energy converting efficiency of a CHP L % The CHP's loading level η N % Maximum for total energy converting efficiency of a CHP E CHP MJ The electric energy a CHP produces H CHP MJ The heat energy a CHP produces γ H % Heat ratio of a CHP's total energy γ E % Electric ratio of a CHP's total energy η h % Heat energy converting efficiency of a CHP η e % Electric energy converting efficiency of a CHP ζ % Heat to electricity ratio (H2E ratio) p G A C/kJ The real-time price of natural gas p H A C/kJ The real-time price of heat p E A C/kJ The real-time price of electricity PRO CHP (k) A C The total profit of the community in the kth dispatching step I H (k)
A C The profit by selling heat in the kth dispatching step I E (k)
A C The profit by selling electricity in the kth dispatching step C G (k)
A C The purchasing cost of natural gas in the kth dispatching step V G (k) m 3 The input volume of natural gas in the kth dispatching step p G (k)
A C/kJ The real-time price of natural gas in the kth dispatching step p H (k)
A C/kJ The real-time price of heat in the kth dispatching step
The real-time price of electricity in the kth dispatching step q MJ/m 3 The energy contained in a cubic meter of natural gas H CHP The minimum volume of natural gas consumed by the CHP V GN m 3 The nominal volume of natural gas consumed by the CHP S N MW Nominal capacity of a CHP Q (k − 1) MJ The total energy a CHP produces in the (k − 1)th dispatching step Q (k) MJ The total energy a CHP produces in the kth dispatching step P ramp kW/min The ramp rate T min The time step PRO CHP,max (k) A C
The maximum total profit in the kth dispatching step PRO
The maximum total profit in the kth dispatching step and the ith block L k % The CHP's loading level for the kth dispatching step L k+1 % The CHP's loading level for the (k + 1)th dispatching step t min The time consumed to modify the loading level from one to another δ L %/min The speed of modifying the loading level from one to another.
I. INTRODUCTION
As one of the highly-efficiency energy conversion technologies, combined heat and power (CHP) is expected to reach the total capacity of 483.7 GW by 2023 worldwide [1] . The CHP system produces heat and electricity in a single process from natural gas, biomass, solar or other resources [2] . It is able to reuse the waste heat during the electricity generation process from the prime mover to generate heat. The overall energy conversion efficiency can reach up to 90% [3] , [4] compared to conventional generation which produces heat and electricity in a low-efficiency way. Extraction-condensing steam turbine-based CHP is commonly used because the heat and electricity output proportion can be changed at different loading conditions. As a result, CHP systems are very flexible in energy supplying during peak and valley loading hours [5] . In order to maximize the benefits from CHPs, optimal operation should be designed, where two key factors need to consider: i) the overall efficiency; ii) the proportion of heat and electricity output. Generally, there are two basic operation strategies for CHPs: electric demand management (EDM) and thermal demand management (TDM) [6] , [7] . In the EDM strategy, electric demand is satisfied first and deficient thermal energy is provided by district heating system, heat network or auxiliary boilers [8] .
In the TDM strategy, thermal demand is supplied first and the electric deficit is imported from the power grid. The results of [9] and [10] show that only TDM mode reduces fuel consumption, gas emissions, and operation cost compared to conventional systems. However, the two operation strategies in a decoupled manner will constrain the efficiency of CHPs. To achieve high flexibility, the heat to electricity (H2E) ratio which may also be varying for CHPs is delineated in [11] . On the other hand, various optimization techniques have been developed to achieve low operation costs and reduction of fuel consumption. M.H. Moradi et al. propose an integrated energy management system (EMS) for a CHP plant in [12] to achieve maximum net present value over its whole lifetime. In the research, the uncertainty of energy prices and load demand is modeled using fuzzy algorithms. The benefits of CHP in reducing pollutants are evaluated and analyzed in [13] - [16] , which demonstrates that CHPs are effectively capable of reducing greenhouse gas emissions. A resistor is integrated into the CHP for converting surplus electricity to thermal energy in [17] and a cost-minimizing strategy is designed. However, only the real-time electricity price is considered in the research. The capital and operation costs of CHP are minimized based on an energy system optimization model in [18] . A novel energy expansion planning model is proposed in [19] , where a CHP system is integrated. The heuristic algorithm is applied to optimize the multiobjective problem, including energy loss, voltage deviation, and costs.
Most previous research is mainly focused on reducing energy consumption, operation costs and emissions. Meanwhile, the effect of varying H2E ratio on the optimized operation and overall efficiency is not studied. Another disadvantage is that the ramping constraint in the operation under real-time energy prices are rarely investigated, which to great degree influences the profits of CHPs.
Based on the findings in [20] , this paper proposes a discrete optimal operation model of CHPs to achieve the maximum profits at different loading levels. First, a CHP model is developed and its efficiency and H2E ratio vary at different loading levels. Then, a discrete, real-time operation optimization model for CHPs is developed. The profits in terms of income from selling energy minus energy costs are optimized. The model is resolved by the interior point optimization approach, which is extremely active due to its theoretical complexity properties and computational efficiency [21] . The presented operation projection for potential optimal operation points with maximum profits is then modified by a novel dynamic programming algorithm with operational constraints considered. The proposed optimization methodology is demonstrated on a series of typical real-time energy prices. Results show the profits from optimal operation of CHPs are maximized by the proposed approach under various price conditions.
Generally, this paper has the following novelties: i) introducing a varying heat to electricity ratio in the CHP model with the loading level; ii) proposing a discrete optimal operation model to plan potential operation points that could maximize profits; iii) presenting a real-time dynamic programming algorithm to maximize profit by modifying the planned operation after considering CHP constraints.
The reminder of the paper is organized as follows. The model of CHP is developed in Section II. The discrete optimal operation model of CHP is presented in Section III. In Section IV, a dynamic programming algorithm is introduced to design the optimal operating strategy in real time. A 1 MW CHP is taken as an example for demonstration in Section V. Conclusions are drawn in Section VI.
II. MODELLING OF CHP
The basic diagram of a CHP system is shown in Fig. 1 [22] , which mainly contains a combustion chamber, a turbine generator and a heat recovery boiler. The turbine generator is driven by mixed gases from the combustion chamber in both high temperature and pressure to generate electricity. Then, the high-temperature exhaust gas is re-used in the heat recovery boiler to generate heat. At the same time, the waste heat and exhaust gas emissions during the whole cogeneration process are unavoidable and thus H2E ratio and overall efficiency should be determined at first in order to design optimal operation strategy for CHP systems.
A. OVERALL ENERGY CONVERSION EFFICIENCY
From Fig. 1 , a CHP system mainly outputs three kinds of energy: electricity, heat, and wasted heat, while only the electricity and heat are needed. To evaluate the gas energy converted to heat and electricity, energy conversion efficiency is introduced Research usually adopts the nominal value of η although the output and input of CHP both vary [18] . Moreover, η is closely related to loading level and operating states of CHP [23] . Thus, in order to maintain generality, η is modelled as a function of CHP loading level
where, L represents the loading level. η is a discrete function of loading level derived from [24]. Fig. 2 (a) shows a typical η curve, where η increases rapidly at low loading level and becomes relatively flat at high loading level. When the CHP runs at its nominal state, it has the maximum efficiency, denoted by η N .
In Fig. 2 (a), η 1 , η 2 , η 3 and η 4 are overall energy conversion efficiency of CHP at loading level:
and L 4 respectively, which are modelled as a discrete function:
The actual efficiency profiles of CHPs can be obtained by field test conducted by manufacturers.
B. HEAT TO ELECTRICITY RATIO (H2E RATIO)
There is a relation between heat and electricity produced by CHP. To study the heat and electricity output proportion, γ H and γ E are used
where, H CHP is heat produced by CHP, in MJ; E CHP is electricity produced by CHP, in MJ; γ H and γ E are to represent energy conversion ratio of H CHP and E CHP . By substituting (1) into (4), CHP output becomes
γ H η is also called CHP electricity efficiency, represented by η h ; γ E η is also called CHP heat efficiency, denoted by η e .
The H2E ratio, denoted by ζ , is expressed as
As discussed in [25] , the H2E ratio, which is considered to be a constant in most cases, varies with CHP's operation states. When the loading level is low, e.g. 40%, ζ has a large value, which decreases gradually with rising loading level. The ζ -L relationship is a step function with some intervals. An example is shown in Fig. 2 (b) , where the function for ζ is expressed as follows:
In Fig. 2 (b) , there are five parts of the ζ -L curve: four nonzero parts and one zero part. For non-zero parts, the higher the value of L is, the lower the H2E ratio. The relationship between the H2E ratio and overall energy conversion efficiency of CHP is also studied in [11] . When the efficiency is larger than a certain threshold, CHPs run at a new H2E ratio.
III. OPTIMIZATION OF CHP OPERATION
In Subsection III-A, a discrete optimization model of CHP is established first so that the profits for CHPs are maximized. Then solution for the optimization model is discussed in Subsection III-B. In the research, all produced heat and electricity are supposed to be sold to customers.
A. OPTIMIZATION MODEL
In this subsection, the optimal operation points for CHP, which could produce maximum profits, are calculated first, also called indicator solution (IS). IS is the projected ideal operation point for each dispatching step at certain energy prices. Then, based on IS, a dynamic programming algorithm is developed in Section IV to maximize the profit in real-time by considering potential profit loss in modification.
The prices of natural gas, heat and electricity fluctuate at intervals in a calendar day, denoted by p G , p H and p E respectively. Based on the combination of the three kinds of energy prices, CHPs can be operated to maximize its benefits, which are optimized in every price interval, also called a dispatching step.
In the kth dispatching step, the profit is
where, PRO CHP (k) denotes the profit; I H (k) and I E (k) denotes the income earned by selling heat and electricity, respectively; C G (k) denotes the purchasing cost of natural gas. Equation (9) can be further expressed as
where, V G (k) represents the consumed natural gas in volume; p H (k), p E (k) and p G (k) represent the energy price of heat, electricity and natural gas respectively. The energy value in a cubic meter of natural gas is constant, represented by q, in MJ/m 3 . Therefore, the total transported energy into the CHP in the kth step is
According to (6) and (7), γ H and γ E are
From (12), γ H and γ E are both found to be functions of ζ . It is clearly shown that the H2E ratio determines the heat and electricity output of CHPs through influencing the heat and electricity efficiency. When ζ increases, γ H increases but γ E decreases. Thus, the output of CHP is mainly in the form of heat with high ζ and mainly in the form of electricity with low ζ . By substituting (5), (11) and (12) into (10), the profit becomes
The value of V G (k) varies with the overall energy conversion efficiency. Thus, the optimization problem is Objective: Maximize PRO CHP (k) To solve (13), a set of constraints must also be satisfied:
1) OUTPUT CONSTRAINT
The heat and electricity outputs must vary between their maximum and minimum values due to CHP capacity limits
where, H CHP,min and H CHP,max are the minimum and maximum heat outputs; E CHP,min and E CHP,max are the minimum and maximum electricity outputs.
2) INPUT CONSTRAINT
The input natural gas should be within its maximum and minimum in volume to meet CHP capacity
where, S N is the rated capacity of CHP; V G,min and V GN are respectively allowable minimum and nominal volume of input natural gas.
3) RAMP CONSTRAINT
The output energy of CHPs within two consecutive steps is constrained by a certain ramp rate
where, Q (k − 1) and Q (k) are the useful output energy from CHP in the (k − 1) th and kth dispatching steps; P ramp is the ramp rate, in kW/min; T is the time step. By submitting (4) and (12) into (16), the output ramp constraints can be formulated as 
B. SOLUTION FOR OPTIMIZATION MODEL
By combining Fig. 2 (a) and (b) , the relationship between ζ and η becomes much clear, given in Fig. 3 . In Fig. 3 , there are seven blocks for optimal CHP operation, considering at corresponding combination of efficiency and H2E ratio. The detailed blocks are shown in Table 1 . There are one zero block (Block 1) and six non-zero blocks (from Block 2 to Block 7). In Block 1, the loading level is lower than 40%, which is too uneconomic to run CHPs and thus ignored in the analysis.
In the kth dispatching step, p H (k), p E (k) and p G (k) are constant. By solving equation (13) in the six non-zero blocks, the maximum profit of every block is
where, PRO CHP,max (k) represents the maximum of PRO CHP in the kth dispatching step; PRO
CHP,max (k) represents the maximum of PRO CHP (k) in the ith block.
It is easy to find that PRO
CHP,max (k) is a function of η in the ith block. As discussed in Section II, η is a continuous function in each block obtained from the field test data. The optimization problem can be solved by using the interior point method [26] . The IS calculation process for one day is shown in Fig. 4 .
For each dispatching step in one day, the IS of CHP is obtained as follows. obtained from the six non-zero blocks and find related IS: overall efficiency η, H2E ratio ζ and loading level L 4) Calculate IS in the next dispatching step By implementing the calculation in all dispatching steps, all IS for CHP in one day are obtained.
IV. DYNAMIC PROGRAMMING
It should be noted that the transition between two adjacent operational points obtained from Fig. 4 does not consider the operation constraints. It is thus essential to include them in the model to capture the actual operational practice. In order to maximize CHP profits, the profit lost during the dynamic modification should be minimized correspondingly.
A. DYNAMIC PROGRAMMING ALGORITHM
This section aims to achieve this by proposing a dynamic programming algorithm, whose implementation is shown in Fig. 5 (a) . The IS for the kth and (k + 1)th dispatching step are denoted by IS k and IS k+1 , and the corresponding loading levels are denoted by L k and L k+1 respectively.
The specific dynamic modification process from L k to L k+1 is implemented as follows. When CHP ramp rate is considered, the modification route may influence the overall profit, as described in Fig. 5 (b) . In the three-dimensional coordinate system, PRO-axis represents the profit of CHP, L-axis represents the loading level of CHP and t-axis is time. In the t = t 0 , PRO − L plane, the PRO − L t=t 0 curve, denoted by PRO (0) , shows the relation between the profit and loading level with the fixed heat price, electricity price and gas price between t 0 − T and t 0 . In the t = t T , PRO − L plane, the PRO − L t=t T curve, denoted by PRO (T ) , is the profit of CHP for another group of fixed prices of heat, electricity and natural gas between t 0 and t 0 + T . The optimal operation point at the end of the kth dispatching step is A (L 0 , t 0 , PRO 0 ) and the IS for the (k+1)th dispatching step is B (L T , t T , PRO T ).
When modifying the route from A to B, certain time is needed due to regulation speed. Thus, the modification process will affect the profits of the CHP. Then the problem is how to design a proper route to decrease the profit loss during the dynamic modification process. It is easy to know that the projection of the three-dimensional route from A to B on the t = t T , PRO − L plane is part of the PRO (T ) curve. Clearly, the easiest route is to operate the CHP at L T directly after the kth step, which remains unchanged until t T , but it may be not economical.
In order to assist analysis, the route from A to B projected on the PRO − t plane is shown in Fig. 5 (c) and (d) . There are two cases according to the loading levels of points A and B. Fig. 5 (c) means that the loading levels of two adjacent IS are too far for the CHP to be modified to L T within T . On the contrary, in Fig. 5 (d) , the loading levels of two adjacent IS are relatively close and can be modified with the time constraint at t cr , which is smaller than t T .
In Fig. 5 (c) and (d), t is time consumed to modify the loading level from L 0 to L T , expressed as
where,
is on the PRO (T ) curve, then there is the relation PRO cr = PRO T . The total modification points between A and B are calculated by
The optimal route from A to B for the two cases in Fig. 5 (c) and (d) is determined through dynamic programming shown in Fig. 6 . Here, the oblique arrows mean the loading level is modified to a new value and the horizontal arrows mean the loading levels stay unchanged. In Fig. 6 , PRO (T ) (L i ) , i = 0, 1, 2, · · · , T is the profit point in the PRO (T ) curve at corresponding loading level L i . The loading level of point 1 is L 0 and can be modified to the target loading level L T in multiples of routes. L is modified every minute and R i (i = 1, 2, · · · T ) are all the possible routes to modify the loading level of CHP. Take route R 3 as an example. The CHP's loading level is adjusted to L 2 first, and remains unchanged until t T . In Fig. 6 (a) , T steps are taken to reach the maximum profit point P T (L T ) and T cr steps are taken in Fig. 6 (b) . The loading levels are determined by
B. STEPS OF DYNAMIC PROGRAMMING
By taking Fig. 6 (a) as an example, the dynamic programming is implemented as follows: 1) From start point x, the loading level of CHP is modified in two directions directly: i) L = L 0 , where the loading level stays unchanged at
where the loading level is modified to L 1 with a fixed step δ L . The profits for the two modification steps are PRO (T ) (L 0 ) and PRO (T ) (L 1 ) respectively. 2) Then at point y, the loading level of CHP is also modified in two directions, L = L 1 and L = L 2 . For the route R 1 , the loading level stays unchanged at L = L 0 and another PRO (T ) (L 0 ) is produced, as the second arrow shown in R 1 . Through comparing the profit of the first two steps in route R 1 and R 2 , the route with smaller profit is suspended.
Actually, only one of the equations (22) and (23) can be satisfied. If equation (22) is satisfied, the CHP is modified as follows: L is modified from L 0 to L 1 at point x (t = t 0 + 1/60) and stays unchanged at L 1 at point y (t = t 0 + 2/60). If equation (23) point is denoted by PRO
Then, at the point z, the profits for the possible routes R 1 , R 2 and R 3 are
The comparison is conducted as follows: If R 1 is suspended at point y,
→ R 2 is suspended (27) If R 2 is suspended at point y,
Because there exists just one route from step 2), only one equation of (26)- (29) will be satisfied. The corresponding results are shown in Table 2 . 4) For the following points, the comparison in step 3) is conducted similarly until t T . is also optimized by using the four steps. After the optimal modification, route between any two adjacent operating points is determined and the optimal operating curve can be obtained automatically.
V. DEMONSTRATION EXAMPLES
In this section, the operation of a CHP with capacity of 1 MW is optimized over a 24-hour with 48 dispatching steps. Its technical parameters are shown in Appendix.
A. EXAMPLE A
The real-time prices of natural gas, heat and electricity in the open market are updated every 30 min and shown in Fig. 7 (a) [27] , [28] . It can be seen that the average price of electricity is higher than that of heat and natural gas. The profit distribution obtained from the proposed optimization approach is shown in Fig. 7 (b) . The white dotted line is the maximum profits of CHP obtained from IS at each dispatching step. It is found that loading level has a great effect on the profits. The maximum profit occurs at about 10:30 for fully loaded CHP. The relatively higher profit occurs between 8:00 and 17:00, where the values are over 4 Euro. Around 10:00 and 13:00, there occur sudden profit change, which is shown as stairs in the figure. The main reason for the phenomenon is that the H2E ratio changes suddenly at specific loading level, 60%, 80% and 90%.
Another interesting point is that higher loading level does not always produce higher profit. As shown in Fig. 7 (b) , before 6:00, the maximum profit appears when the loading level is 80% and 90% respectively and the H2E ratio is at its high value. During 0:00 and 2:30, the heat price is higher than electricity price. So more heat should be produced to achieve the maximum profit, and the H2E ratio is high correspondingly. Between 2:30 to 6:00, the electricity price is a little higher than that of heat. Then the H2E ratio is modified to a relatively low value to produce more electricity. From 6:00 to 16:00, the electricity price is much higher than heat price and the maximum profit in one day happens in the time interval. At 16:00, the electricity price decrease suddenly, which is caused by the clock off. Then in the following two hours, the heat price is higher than electricity, and the maximum profit is obtained when the loading level of CHP is 90%. Between 18:00 to 21:00, the electricity price is higher than that of heat price and the optimal operation point for CHP is at its nominal state. After 21:00, when people go to sleep gradually, the electricity is in lower demand than heat and the optimal operation points for CHP are at a high value of H2E ratio. Clearly, the profit in daytime is much higher than that during night time.
In Fig. 7 (b) , the gray line is the operation optimization route for CHP from the dynamic programming. The loading level at 0:00 is about 70%, which jumps to 80% before 0:30. At 2:30 and 6:30, the loading levels are at 90% and 100%. However, maximum loading level does not necessarily lead to maximum profits. The loading level of the IS between 16:00 and 18:00 is 90%, but if the loading level is modified to 90% at 16:00, certain profit is lost during the modification, about 30% of the actual maximum profits obtained from the gray line. Through dynamic programming, it is found that the maximum profits during this time interval are obtained when the loading level stays unchanged at 100%. Similarly, by dynamic programming, about 5% more profits are obtained comparing that of the gray line with that of the white line. The actual maximum profits after dynamic programming for each dispatching step are shown in Table 3 . From Table 3 , the maximum profits for the CHP appear between 10:00 and 11:00, averaging 11.5 Euro, and the minimum profits is at 24:00, only 0.44 Euro. The profits in the day time are higher than those in the night time. Between 8:00 and 16:30, the profits are also higher than the average value, about 3.76 Euro. Thus, the profits of the CHP mainly depend on the electricity price, which is at a higher level.
From the optimal operation route for CHP shown in Fig. 7 (b) , corresponding operation optimization points of CHP are calculated, including loading level, overall efficiency, and H2E ratio, shown in Fig. 8 .
B. EXAMPLE B
The real-time prices of natural gas, heat and electricity in another district are in Fig. 9 (a) [27] [28] . It is noted that the average prices of electricity, heat and natural gas here are all higher than those in Example A especially electricity.
The profits distribution is shown in Fig. 9 (b) . The white dotted line is the operation optimization route from IS and the grey line is the maximum profits obtained through the dynamic programming. It is worth noting that compared to Fig. 7 (b), Fig. 9 (b) is more brightly colored, indicating that the average profit by using CHP is a little higher in Example B. In other words, the CHP system will make more economic profits in districts with heavier energy consumption and higher energy price.
C. SENSITIVITY ANALYSIS AND COMPUTATIONAL PERFORMANCE
Sensitivity analysis is a technique to determine how the model output is affected by the uncertainties of inputs. Taking Example A as a case, sensitivity analysis of H2E ratio is provided. When H2E ratio decreases by 20%, 50% or increases by 20%, 50%, the profits distribution through the proposed dynamic programming method are shown in Figs.10 (a), (b) , (c) and (d) respectively.
As seen, the CHP operation model is not greatly influenced by H2E ratio. The proposed dynamic programming method also has a computational advantage that little computation and extra storage is required when the model has many variables and constraints. 
VI. CONCLUSIONS
The CHP model is developed in this paper, considering the variations of overall efficiency and H2E ratio with respect to changing loading levels. By taking real-time heat price, electricity price and natural gas price into consideration, the operation of CHP is optimized to maximize its benefits. Through demonstration, the following conclusions are drawn. 1) Higher loading level of CHP does not always produce higher profits. In daytime, the CHP should operate at a high loading level to obtain higher profits when the electricity price is quite high. During nighttime, the CHP should operate at a middle loading level to obtain its maximum profits where the heat price is higher than that of electricity.
2) The H2E ratio affects the profit of CHP under different loading conditions. When the heat demand is much higher than electricity demand at night, CHP should be operated at a high value of H2E ratio (e.g. 1.4 or 2.2). When the electricity demand is much higher than heat in the day, the CHP should be operated at a low value of the H2E ratio (e.g. 0.8) to produce more electricity for high profits.
3) The proposed dynamic programming method can help the CHP to design the optimal modification route to maximize profits during dynamic process. The dynamic programming has taken operational constraints into account while the ramping constraint during operation under real-time energy prices and corresponding profit optimization are rarely investigated before.
APPENDIX
See Tables 4 and 5. 
